The detailed formulation of loop quantum cosmology with higher order holonomy corrections has been constructed recently in the homogeneous and isotropic spacetime, yet it is important to extend the higher order holonomy corrections to include the effects of anisotropy which typically grow during the collapsing phase. In this paper we investigate the Bianchi I model inμ ′ scheme which truly captures the regularization of the Hamiltonian constraint. To compare with the earlier works and provide a comparison with theμ ′ scheme, we also investigate theμ scheme although it has many disadvantages. First we construct the effective dynamics with higher order holonomy corrections in a massless scalar field, then we extend it to the inclusion of arbitrary matter. Besides that, we also analyze the behavior of the anisotropy during the evolution of the universe. We find that in theμ ′ scheme, the singularity is never approached and the quantum bounce is generic as in the isotropic case, regardless of the order of the holonomy corrections. Some differences in the bouncing phase of the two schemes are also found out. It is also shown that in the two schemes the behavior of the anisotropy is not the same before and after the bounce.
I. INTRODUCTION
loop quantum gravity (LQG) is a mathematically welldefined, nonperturbative, and background independent quantization of gravity [1] . The applications of LQG to homogeneous and isotropic spacetime results in loop quantum cosmology (LQC). The comprehensive formulation of LQC is constructed in the spatially flat, isotropic model in detail [2] [3] [4] , which indicates that the classical big-bang singularity can be replaced by a big-bounce. With these successes, the methods can also be extended to Bianchi I model to include anisotropy [5] [6] [7] [8] [9] .
The underlying dynamics in LQC is governed by the discreteness of the quantum geometry. With the achievements described above, the scheme of LQC is indeed attractive, while its rigorous quantum approach is difficult to afford due to the complexity. However, using semiclassical strategies we can construct an effective method which has captured to a very good approximation in the quantum dynamics [16] . With quantum corrections to the classical Hamiltonian, we can get the effective equations of the modified Hamiltonian which is an efficient approach to investigate the evolution of the early universe. In [17] the evolution of the universe is investigated in the form of effective approach, which indicates that the presence of a big-bounce is a generic feature of LQC and * Electronic address: yuexiaojun@mail.bnu.edu.cn † Author to whom correspondence should be addressed; Electronic address: zhujy@bnu.edu.cn does not require any exotic matter that violates energy condition.
When the effective approach is extended to the anisotropic Bianchi I model, the scheme is ambiguous in the early investigations as there are two strategies:μ scheme andμ ′ scheme, each of which is of particular interest. In [7] and [8] theμ scheme is investigated and in [9] [10] [11] [12] [13] [14] theμ ′ scheme is considered. Theμ scheme is just a simplifying assumption without a systematic justification [5, 8, 9] . However, this leads to drawbacks that the quantum dynamics depends on the choice of the fiducial cell [15] . There are also problems that expansion scalar and shear scalar are not bounded above [10] , which point towards lack of generic resolution of singularities in this quantization. In [6] a more systematic procedure leads to theμ ′ scheme, which is fiducial cell independent. This scheme also leads to the strong singularity resolution [10] [11] [12] . Not only do the results at the level of effective dynamics agree with the anticipations of the rigorous quantum approach but some details of quantum effects during the evolution are also obtained.
Despite the fascinating and attractive features, whether the quantum effects result from the discreteness of the spacetime geometry of LQC is still questionable, as some of the results through the rigorous quantum approach can also be obtained through the heuristic effective dynamics in continuum spacetime. In response to the deficiency, a new avenue of higher order holonomy corrections is investigated [18] .
The approach of the higher order holonomy corrections is also a heuristic effective strategy that is more general than the conventional scheme, which takes the traditional one to be the situation where the order of the holonomy corrections is 0. In [18] it reveals that the big-bounce are a generic feature of LQC no matter whether the higher order holonomy corrections are included and the matter density remains finite with an upper bound. In [19] the rigorous quantum theory of LQC with higher order holonomy corrections is formulated and the anticipations of [18] are confirmed. It is also shown that the higher order holonomy corrections can be interpreted as a result of admitting generic SU (2) representations for the Hamiltonian constraint operators.
The heuristic analysis of higher order holonomy corrections is a very promising approach. However, the extension to the anisotropic case is still an open issue. In this paper we investigate the higher order holonomy corrections in Bianchi I model.
Firstly we construct the effective dynamics of Bianchi I model with higher order holonomy corrections. We extend theμ scheme to the case of higher order holonomy corrections to compare with the early investigations and provide a comparison with theμ ′ scheme. On the other hand, although the numerical simulations about the bouncing phase ofμ ′ scheme are abundant, the analytical investigations about the this phase are some limited due to the mathematical complexity, especially with the arbitrary matter case. In this paper, we investigate the effective dynamics with arbitrary matter analytically in detail and extend it to higher order holonomy corrections.
The anisotropy is also an important aspect as it grows in the contracting phase of the evolution. Besides that, it can also tell us some information of the universe before the big bounce. In this paper we also investigate the evolution of the anisotropy with higher order holonomy corrections and compare the differences of the behavior in the two schemes. This paper is organized as follows. Firstly, we review briefly the classical dynamics in Bianchi I model in Sec. II, and then, in Sec. III, we introduce the effective loop quantum dynamics with higher order holonomy corrections and two sets of research schemes:μ scheme andμ ′ scheme. Next in Sec. IV and Sec. V, we investigate in detail the effective dynamics in the forms ofμ scheme andμ ′ scheme, respectively. In Sec. VI, the anisotropies of the Bianchi I model in the two schemes are analyzed. Finally, we draw the conclusions in Sec. VII.
II. CLASSICAL DYNAMICS
In this section, we review briefly the classical dynamics in Bianchi I model. As a comparison of previous investigations,we first focus on the model with a massless scalar field. Then we will turn to the case where a general matter potential is considered. For a more complete description of the classical dynamics one can see,e.g. [7] [8] [9] .
The spacetime metric of Bianchi I model is given as
where N is the lapse function. When we write the classical dynamics in the Ashtekar variables, we consider the spacetime with a manifold Σ × R where the space supersurface Σ is flat. Because of the non-compactness of the spatial manifold, it is necessary to introduce a fiducial cell V which has a fiducial volume V 0 = l 1 l 2 l 3 . In Bianchi I model, the Ashtekar variables take a simple form where the phase space is given by the diagonal triad variables p I and diagonal connection variables c I (I = 1, 2, 3). The canonical conjugate phase space satisfies
where κ = 8πG and γ is the Barbero-Immirzi parameter which was set to be γ ≃ 0.2375 by the black hole thermodynamics [26] . The triad p I are related to the scale factors a I by
Thus the triad variables are the physical areas of the rectangular surface of V which is invariant under the coordinate rescaling. The connection variables are given by
that is the time change rates of the physical lengths of the edges of V, which is also invariant under the coordinate rescaling [9] . Thus, the Hamiltonian constraint in the Ashtekar variables can be written as
where V = l 1 l 2 l 3 a 1 a 2 a 3 is the physical volume of the fiducial cell V and H matt is the matter Hamiltonian. The form of the matter Hamiltonian is
Equations of motion arė
A. for a massless scalar field
In order to compare with [5, 7] 
The equations of motion are:
With Eq. (7) and Eq.(8) we have
where K I are constants. Here we define
Using Eq.(9), Eq.(10) and the Hamiltonian constraint H cl = 0 we have
Combining Eq. (9) and Eq. (8) gives
With Eq.(6) the above equation can be written to be
where K I = Kκ I , K φ = Kκ φ and
B. for an arbitrary matter field
Now we consider the inclusion of an arbitrary matter field. Here we also choose the lapse function N = √ p 1 p 2 p 3 and the Hamiltonian takes the form
One can see that when the energy density ρ M = p 
If we assume that the matter has zero anisotropy, namely
The above equation can be integrated to be:
where α IJ is a constant anti-symmetric matrix. From the constraint H cl = 0 we can get the relation
We can also define the mean scale factor a as
then
is the mean Hubble rate. In some literatures the expansion scalar is also defined to be θ = 1 V dV dt = 3H to describe the expansion rate of the whole volume.
The Friedmann equation with the inclusion of anisotropy is
The shear parameter is
which is a constant in the classical case. The anisotropic shear scalar σ 2 = σ µν σ µν is given by
III. EFFECTIVE LOOP QUANTUM DYNAMICS
In the effective dynamics of LQC, the connection variables c I (I = 1, 2, 3) should be replaced by holonomies, i.e.,
whereμ I are real valued functions of p I which are measures of the discreteness in the quantum gravity. When
By choosing this, the Hamiltonian can be written as
In this paper we consider the effective dynamics with higher order holonomy corrections. In fact, it is possible to approximate c I in terms of sin(μ I c I ) to arbitrary accuracy
This inspires us to define the nth order holonomized connection variables as
which remains a periodic and bounded function of c I . The conventional holonomy correction corresponds to n = 0. The remarkable point is that in fact it is only when −π/2 μ I c I π/2 does the power series give back to c I . As c does not blow up as c I , it is still bounded, even if n → ∞. In the following we will see that it is theμ I c I goes through the point π/2 that makes the cosine function flip its sign, which leads to the big bounce. This interprets the reason that when n → ∞ the dynamics does not reduce to the classical case, as after the bouncing pointμ I c I > π/2 the variable c (∞) I does not reduce to c I , the classical dynamics is still modified drastically in the limit n → ∞.
With this, the Hamiltonian with holonomy corrections up to the nth order can be written as
Using the canonical relation (2) we can get the relation
where
A. The meaning of higher order holonomy corrections
The initial motivation of introducing higher order holonomy corrections is to provide further evidence that the quantum bounce is a consequence of the intrinsic discreteness of geometry in LQC [18] , but the implication is not just limited to the heuristic effective level. In [19] the rigorous quantum theory with higher order holonomy corrections is formulated in the isotropic model. Until now the quantum theory of higher order holonomy corrections in Bianchi I model is not completed, and this construction is not the focus of this paper, but taking a look at the quantum theory in the isotopic model can still provide us a taste of the meaning of the higher order holonomy corrections. The detailed analysis can be found in [19] .
It was shown that the higher order holonomy corrections is related to the j ambiguity. We know that in LQC the classical variable c should be replaced by the holonomy
which is the holonomy along the edge of coordinate length µL. Here τ i are the SU (2) generators with
In standard convention 2iτ i = σ i are the Pauli matrices. In fact, the Lie algebra generators τ i in the j representation of the SU (2) group are represented as (2j + 1) × (2j + 1) matrices (j) τ i , which satisfy
where j is a half integer and the conventional choice is j = 1/2. The holonomies h
can also be promoted to
in the j representation. We write (j) C ′ grav to be the Hamiltonian operator in generic j representations, which consists of even powers of sin(μc). When j = 1/2,
which leads to the conventional holonomy corrections (c (n=0) ).
In [19] it was proved that the gravitational part of Hamiltonian operator with higher order holonomy correctionsĈ
grav can be represented as a linear superposition of the Hamiltonian operators in generic j representations:
where c (n) j are constants. In the limit n → ∞, we have to include all the j representations.
There is a problem that although the linear superposition coefficients c (n) j are constants for a definite n, they diverge as n → ∞. However, the computed data has shown that comparatively only the contributions from the moderate j are appreciable. If we compose a regularization to supress the high j contributions, the coefficients c (n) j can be made to converge. With a suitable regularization, the C ′ (∞) grav can be obtained. In [19] the relation between higher order holonomy corrections and spin-foams is discussed briefly. The peculiar feature of the divergence of c (n) j is reminiscent to the infrared divergence in many spin-foam models [20] [21] [22] , and the regularization may correspond to a nonzero cosmological constant [23] . It's reasonable to speculate that the higher order holonomy corrections comes out from the spin-foam models more naturally. The research about this issue may help us to find out the link between LQC and the spin-foam formalism.
In [24] and [25] it was shown that the j > 1/2 representations will lead to the ill-behaving spurious solutions. However, the investigation in [19] has shown that the expectation values of Dirac observables are well behaved when we consider C ′ (n) grav , at least for the case n = ∞. The reason may be that the spurious solutions come out only in a definite j representation and suppressed when all j representations are included to match the expression C
grav . There are also signs which bolster that it may be more natural to include all j representations, although no theory suggests it in first principle.
The detailed quantum theory in Bianchi I model with j = 1/2 is also formulated in [6] , but the construction of the quantum theory with higher order holonomy corrections in Bianchi I model is still an open issue. It is very probable that in the Bianchi I model the higher order holonomy corrections can also be interpreted as a result of admitting generic SU (2) representations for the Hamiltonian operator.
In [6] a semiheuristic consideration of the wellmotivated correspondence between kinematic states in LQG and LQC suggests that j = 1/2. The reason is that although the macroscopic geometry is spatially homogeneous, the microscopic is not exactly homogeneous. To achieve the best possible coarse that constitute the large scale geometry, the edges should be packed as tightly as possible. However, if we focus our attention on the precisely homogeneous Bianchi I model, the former requirement seems unnecessary. This is the question that whether the investigations for the theory of LQC are derived from LQG or within the confines of LQC. As a systematic formulation to derive LQC from LQG is still an open issue, it is logically legitimate to reduce the theory to homogeneous level first and then quantize.
The implications of the higher order holonomy corrections in the quantum level is still not conclusive, the linear superposition of generic j representations is just one possibility. This issue still requires future researches, which is not the focus of this paper. In the following we only focus upon the effective dynamics.
B. Theμ andμ ′ schemes
We can see from Eq. (30) that the equation is different for different expressions ofμ I . In the isotropic case, the discreteness variableμ has the formμ ∝ 1/ √ p. In Bianchi I model, the schemes are more ambiguous. When the anisotropy is considered, there are three p I and three differentμ I should be introduced. Generally speaking there are two schemes which can reduce to the the consistent isotropic case:
•μ scheme:
•μ ′ scheme:
Here △ is the area gap in LQG. However, as will be seen theμ scheme has the drawbacks that its effective dynamics is dependent of the choice of V [15] . In [6] theμ ′ scheme was introduced by a more systematic procedure, which is fiducial cell independent. This can be easily seen from the simplest form of Hamiltonian, Eq.(26), which corresponds to H (n=0) ef f . In this form, the sin(μ I c I ) is actually related to the shift operator in the full quantum theory. Whenμ I c I changes, the volume shift corresponding to the shift operator varies. Consideringμ scheme, we haveμ 1 c 1 =
it can be seen from Eq. (3) and Eq.(4) that
which changes its value. On the other hand, when we considerμ ′ scheme withμ
, one can verify that this problem disappears.
In addition to the problem of rescaling under shape of the fiducial cell, theμ scheme has other problems, including the expansion and shear scalar are not bounded above as documented in [10] . This means that even when there might be solutions of 'bounce' to the effective equations of motion, there is no universal 'quantum gravity scale', which leads to the lack of resolution of the strong singularity. Nowadays all kinds of signs indicate that thē µ ′ scheme is much more preferable.
IV. EFFECTIVE DYNAMICS INμ SCHEME
In this section, we will construct the effective dynamics inμ scheme with higher order holonomy corrections in a massless scalar field and in an arbitrary scalar field respectively.
Inμ scheme, Eq.(30) turns out to be
In the effective dynamics we also choose the lapse function to be N = √ p 1 p 2 p 3 and Eq. (29) becomes
The equations of motion are dp
We also have
With Eq.(37) and Eq.(39) we can get
In the case of a massless scalar field, the energy density
. We can get dp
and
which means
where K I is a constant. Comparing Eq.(44) with Eq. (9) it can be seen that the classical connection c I is replaced by c (n)
By regarding φ as an emergent time, via Eq. (42) we can obtain 
where F n → π/2 as n → ∞. From Eq.(44) and Eq. (28), we can also get
In the second step the equality holds whenμ 1 c 1 = π/2, which is just the bounce point. One can see that the classical singularity is never approached and the bounce is robust under the inclusion of anisotropies. We can define the directional density:
for the I-direction and its critical value is
where ρ P l := (κγ 2 △) −1 . It shows that the evolutions of p I are decoupled in three different directions. Thus the bounces occur up to three times, whenever each of the directional density reaches its critical density, which is the same as the conventional holonomy corrected case (corresponding to n = 0 in higher order holonomy corrections). But the critical value of directional density is different from the previous case.
The mean scale factor a(t) is depicted in Fig.1(a) . It demonstrates that the nonsingular bouncing scenario is robust regardless of n. The quantum bounce of a(t) occurs more abruptly as n increases, and if n → ∞, the bounce takes place so abruptly that it only imprints a kink, which does not reduce to the classical form. This can be seen from Eq.(47). When n → ∞, the term S → | cos(μ I c I )| −1 , and the product cos(μ I c I )S(µ I c I ) → sgn(cos(μ I c I )). Whenμ I c I = π/2, the cosine function flips its sign and the big-bounce happens abruptly.
B. for an arbitrary matter field
In this section we consider the dynamics with arbitrary matter. Here we use the method provided in [8] . We can assume that the matter density is in the form
with A a constant and w the state parameter. When a → ∞, the derivation in [8] has shown that the effective dynamics reduces to the classical form when −1 < w < 1. Although here we use the higher order holonomy corrections, this conclusion is still correct. Then we consider the other limit a → 0. When we consider the arbitrary matter, Eq. (43) is not satisfied, but we can still write it to be a simple form. We know that in the classical limit, c (n) I → c I , and we have Eq. (18) , which leads to p I c I − p J c J = γV 0 α IJ as Eq. (19) . Now for convenience we can write the integration constant γV 0 α IJ to be γV 0 α IJ = κγ (K I − K J ), where K I and K J are constants. With this, in the semiclassical regime, we can assume that
The first term is a constant introduced in the classical case and the second term is time-dependent. From Eq.(40) and the expression of ρ M we can get
One can see whenμ I c I → 0 the above equation reduces to Eq. (18) . When a → 0, we also have p I → 0. If w < 1, the above equation turns out to be
≈ 0, which means that f I (t) in Eq.(53) has the same value near the bouncing point: f 1 (t) = f 2 (t) = f 3 (t) = f (t). The Hamiltonian constraint H ef f = 0 with H ef f given by Eq.(36) then yields
The time-independent part satisfies
and the time-dependent part is given by:
In the second step we scale the constants K I = Kκ I such that Eq.(56) gives
In Eq.(57) we can choose the + sign only without losing any generality [8] . When we discuss the bounces in the Bianchi I model, we follow [8] to separate three cases: (i) the Kasner phase, (ii) the isotropized phase, and (iii) the transition phase. The distinction between the Kasner phase, the isotropized phase and the transition phase is due to the classical dynamics in Bianchi I model. The detailed dynamics in classical case is investigated in Appendix A of [8] . Here we just cite the conclusions in general terms. In the classical case of Bianchi I model with arbitrary matter, the evolutions of different p I are dominated by two parts: the anisotropic part K and the matter part ρ M . If the matter part is negligible compared to the anisotropic part, the evolutions of p I are like the Kasner solution, which is called the Kasner phase. On the other hand, if the matter part is dominant, the variation rates of different p I are nearly the same, which is called the isotropized phase. The situation in between is called the transition phase. Here we have to note that even if in the isotropized phase, the universe is not exactly isotopic. It is just more isotropic than the Kasner phase. Only if the initial conditions of the three directions are all the same does the Bianchi I model reduce to the isotropic model. In the following we will see that in LQC the case is the same.
In case (i)(the Kasner phase), the contribution from the matter sector is negligible and the evolution is dominated by the constant K. Thereby
Applying it to Eq.(53) we can get
In the second step we use the condition that
1−w 2 . Substituting the above equation to Eq.(37) we have
In the backward evolution, theμ 1 c 1 gets more and more significant, at some point cos(μ 1 c 1 ) = 0 and the big bounce occurs. Combining Eq. (28) and Eq.(60) we can get
In the second step the equality holds at the bouncing point, which is the same as the massless scalar field. As a result the critical value of p I is
We can also define the directional density ρ I as
with the expression of ρ I we can say that the big bounces take place whenever each of the directional density reaches the critical value
Plugging p I,crit to the condition
it can be found that for case (i) the constant A has to satisfy
Now we consider case (ii)(the isotropized phase), where the matter sector dominates and the universe is isotropized. In this case Eq.(57) turns out to be
Then Eq.(53) becomes
where we use the condition
We can see that once again when cos(μ 1 c 1 ) = 0, the bounce occurs. Applying Eq. (28) to Eq.(67) we have
It can be seen that the critical value of p I is coupled with other directions. If we assume in the isotropized case the bouncing points in different directions are roughly at only slightly different moments, we can get the approximated critical value for different p I :
This means that the critical density of the bouncing point is
And in this case the criterion is
Finally, we turn to case (iii)(the transition phase). We can see that the order of magnitude of the right hand side of Eq.(65) and Eq.(72) is nearly the same. So in the transition phase, the criterion is also between the one in the two phases:
and the bouncing points of p I is between the critical value of p I given in Eq.(62) and Eq.(70). The mean scale factor a(t) of the three cases with w = 1/3 (radiation field) inμ scheme is depicted in Fig.1(b) ,(c), and (d). In each case the singularity is replaced by the big bounce regardless of the order of holonomy corrections. As the matter contribution is more and more dominant, the difference of the evolution with different holonomy orders is more and more inconspicuous.
In [10] it was shown that in theμ scheme the critical value of energy density fails to have an upper bound. This can be seen as follows. In the traditional holonomy corrections, it was derived that the energy density has the form
sin(μ 1 c 1 ) sin(μ 2 c 2 ) + cyclic terms . As the prefactors such as
are not bounded, ρ M are not bounded above. In this paper our analysis is consistent with this conclusion. Although the p I has the lower bound Eq.(62), it has no upper bound. As a result the factor
can diverge when p 2 → ∞ or p 3 → ∞. The numerical simulations in Fig.1 shows the solutions of the bounce, but the bounce is not generic. 
V. EFFECTIVE DYNAMICS INμ
′ SCHEME
In this section we consider an alternative quantization scheme calledμ ′ scheme. Previous works aboutμ ′ scheme focus on a massless scalar field as it is difficult to get the analytical solution with arbitrary matter. Here we extend the effective dynamics to arbitrary matter. The method used here is exactly the same as theμ scheme and to avoid repetition we does not introduce it again in detail. As it has no difference from the arbitrary matter case, we won't discuss the massless scalar field separately.
For simplicity, we choose the lapse function N = 1/ √ p 1 p 2 p 3 and introduce a new time variable
We also define a new variable
From the canonical relations we can get
The Hamiltonian can be written as
(78) The equations of motion are
Combining Eq. (79) and Eq.(80) we can get
In the above equation we used the assumption that the matter has zero anisotropy as in Sec.II B. As in the classical theory, p I c I − p J c J is a constant. However, unlike the classical case Eq.(4) is no longer satisfied. From Eq.(80) we can get the relation
.
(82) The above equation has shown that as in theμ case, when cos (μ ′ 1 c 1 ) = 0 the big bounce occurs. Now we investigate the bouncing regime. From Eq.(81), we can assume the relation
Note that in this equation the time-dependent part is the same for all of p I c I , which is different from theμ case. The energy density is also assumed to be Eq.(52). Following the same derivation as in Sec.IV A we can get Eq.(56), Eq.(57) and Eq.(58). Here we also consider three cases separately.
(i) The Kasner phase: In this phase Eq.(59) holds and we have
At the bouncing point, cos(μ 
The critical energy density at this point is
As in theμ case, the criterion for the Kasner case is also
Applying the critical value of √ p 1 p 2 p 3 to this condition we can get
Applying it to Eq.(86) we have
(ii) The isotropized phase: In this case, Eq.(66) holds and we have
Applying the bouncing condition cos(μ ′ I c I ) = 0 as in the Kasner phase we can get
One can see that for different p I the condition at the bouncing point is the same, which means that all p I at three directions bounce at the same time. The criterion for this case is
The critical value of energy density is
(iii) The transition phase:
and the critical value of energy density is between the one got in Eq.(88) and Eq.(92). The numerical solutions of mean scale factor a(t) is depicted in Fig.2 . The singularity is never approached and the big bounce of a(t) occurs at any case. As the order of holonomy corrections increases, the big bounce takes place more and more abruptly.
In previous investigations about theμ ′ scheme, it was shown that there is a generic strong singularity resolution [10] [11] [12] 14] . Here we can extend the conclusion to the case of higher order holonomy corrections. The vanishing of the Hamiltonian constraint Eq.(78) leads to the expression of the energy density:
Since the b
in the parenthesis are all bounded functions, the maximum value of the energy density is
where the F n is defined in Eq.(48). When n → ∞, the
For different n the specific value of ρ max is different but still finite. The ρ max is the largest value of energy density in theory, but the real evolution of the universe may not attain it. that the magnitude of the critical energy densities of different p I are dominated by K I , which are the integration constants that only relate to the initial conditions. In [9] , the critical energy densities of three directions are nearly the same, but the result is under the isotropic approximation which corresponds to our 'isotropized phase'. In that paper it is also approved that when the solution is far from isotropic and the approximation is violated, the matter density is still the indication of the bounce occurrence, with the critical value quite different from each other. Fig.2 actually depicts the bounce of the whole volume.
In fact, the case that the whole volume bounces at the point ρ bounce = ρ crit,3 as described above is the simplest situation. Comparing the value of ρ bounce to the three values of ρ crit,I can lead to an insight about an interesting phenomena called the 'Kasner transition' as investigated in [12] . Generally speaking, the Kasner transition is to describe the transition of the geometry structure of space before and after the big bounce of the whole volume. For example, in the pre-bounce phase when all the three scale factors a I contracting or in the post-bounce phase all three a I expanding, it's called the point like structure, as the evolution forward in time in the prebounce phase or backward in the post-bounce phase will structure a point singularity in classical dynamics. Another structure is called cigar like when a 1 expanding but a 2 and a 3 contracting in the pre-bounce phase or a 1 contracting but a 2 and a 3 expanding in the post-bounce phase as the physical evolution forward in time in the prebounce or backward in the post-bounce phase will lead to an infinite cigar like sigularity in classical dynamics.
With the analytical investigations provided in this section, the Kasner transition described in [12] can be interpreted as follows. Supposing ρ crit,1 < ρ crit,2 < ρ crit,3 in the point like structure of pre-bounce phase, if the bouncing point of the whole volume is at ρ bounce = ρ crit,3 as described above, after the bounce all three a I expanding, which is also the point like structure. This is the so-called point-point transition. If in the pre-bounce phase the structure is cigar like, one can verify that the bouncing point at ρ bounce = ρ crit,3 can also lead to the cigar-cigar transition.
The same as before, supposing ρ crit,1 < ρ crit,2 < ρ crit,3 in the point like structure of pre-bounce phase, but this time the bouncing point is at ρ crit,1 < ρ bounce < ρ crit,2 . After the bounce, the p 1 increases but p 2 and p 3 still decrease. After the bounce, the scale factor a 2 = √ p1p2p3 p2
and a 3 = √ p1p2p3 p3 expanding as the denominator decrease but the molecular increase. The only contracting scale factor is a 1 as a 1 ∝ p2 a3 , which leads to the cigar like structure. This is the so-called point-cigar transition, which means that the spatial structures before and after the bounce are not the same. In this case, the ρ crit,2 and ρ crit,3 are never attained as after the bounce the energy desity will decrease. But this does not mean the physical evolution would lead to a piece like structure. In [13] it was shown that in the cigar like structure of post-bounce phase the inflation model can lead the contracting direction to undergo a turn around in the forward evolution. But this procedure is not due to quantum bounce. .
VII. SUMMARY AND CONCLUSIONS
In this paper we investigate the Bianchi I model in LQC with higher order holonomy corrections in the heuristic effective level.
The focus of this paper is to construct the effective dynamics with higher order holonomy corrections in the form ofμ ′ scheme. In this scheme, due to the mathematical complexity most of previous investigations have focused on the numerical simulations. Here we try to study this scheme with analytical method. To compare with theμ ′ scheme and the earlier works in Bianchi I model we also investigate theμ scheme, respectively. Thē µ scheme has been proven to be a problematic scheme as it's fiducial cell dependent and fails to solve the strong singularity. Here we find that in this scheme with higher order holonomy corrections, we can really find out the solutions of the big bounce, but even so the energy density has no generic upper bound, which means in theμ scheme the strong singularity is not resolved. Contrary to this, in theμ ′ scheme the strong singularity is never reached and the big bounce is robust regardless of the order of the holonomy corrections, even when the order is ∞, which is consistent with the recent investigations [10] [11] [12] 14] .
Besides that, we also find out some detailed difference in the two schemes. In the case ofμ scheme with a massless scalar field and with an arbitrary matter field in the Kasner phase, different p I bounce at different time, and the critical values of p I can be found out. We use the directional density ρ I to describe the bounces. When a directional density ρ I reaches its critical value, the p I bounces. Inμ scheme with isotropized phase, the three directions of p I bounce roughly at the same time. When the energy density reaches the critical value the bounces occur at all three directions. When the higher order holonomy corrections are considered, the critical value is given by the one in the conventional case times a numerical factor F. For different orders of holonomy corrections the numerical factor is also different.
Different from theμ scheme, we find that in theμ ′ scheme the critical values of p I are not clear but we can find out the critical energy densities, and if the energy density reaches one of the critical values a bounce happens. In the Kasner phase different directions correspond to different critical densities while for the isotropized phase all three directions have the same critical density and the bounces happen at the same time. We also find that in the Kasner case the critical energy densities are far less than the Planck density. In the isotropized case the value approaches the Planck density, which is the same as the result in [9] . Besides that, it is shown that the critical densities are not depend on the order of holonomy corrections, which is different from theμ scheme.
In theμ ′ scheme we also find out an interesting phenomena that given the criterion of the three directions of p I (Eq.(86)), weather the physical evolution can attain all of them dominates the spatial structure after the big bounce. This leads to the so-called 'Kasner transition' as investigated in [12] . We find that when the largest value of the three critical energy density can be attained, the point-point transition or cigar-cigar transition comes into being. When just the minimum of the three critical energy densities can be attained, the point-cigar transition can be formed. In [12] , with the numerical simulations it was found that the Kasner transition follows selection rules which are determined by the initial relative strenth of the matter and anisotropy. In this paper we just attempt to interpret it analytically and this is not the focus of this paper. Our following works would be investigating this issue systematically in the analytical method and find out the exact condition for every Kasner transition case and compare with the numerical simulations.
We use the shear parameter Σ to describe the anisotropy. In the classical case, the shear parameter is a constant. In the semiclassical regime the shear parameter is not a constant, which is a kind of quantum effects. In theμ scheme under the condition that the order of holonomy corrections is finite, generically the shear parameter can not keep its constant value before and after the bounce unless at the massless scalar field case. Contrary to theμ scheme, in theμ ′ scheme the shear parameter can hold its value in classical regimes before and after the bounce in all cases. When we consider the case where n = ∞, the shear parameter does change its value in the bouncing regime, which indicates that the variation of the shear parameter is a real quantum effect which does not depend on the artificial choice of the order of the holonomy corrections.
It's interesting when the order of holonomy corrections approaches ∞. In this case, the expression of the moving equations turn out to be the classical form, even in the bouncing regime, but the dynamics is not the same as the classical case. The reason is shown in Sec.III that the power series c does not equal to c I . When n → ∞, in the contracting phase before bounce, the directional Hubble parameter H I never gets to be 0, at the bouncing point the H I changes its sign abruptly and the p I transforms from the contracting phase to the expanding phase. In other words, the Hubble parameter is discontinuous at this point. This is the picture of motion in the semiclassical level, which is different from previous investigations. Surely we know that at the bouncing point the semiclassical dynamics is only an approximation, this picture is closer to the quantum picture than before.
It is worth noting that we can have c (n) I → c I no matter whenμ I → 0 or n → ∞, but the two cases are not the same. The first reduces the dynamics to the classical case while the second one has a kink at the bounce point µ I c I = π/2.
The method of higher order holonomy corrections is a promising approach. In fact, some other problems may be solved when the order of holonomy corrections approaches ∞, i.e. the anomaly free problem in the perturbation theory of LQC [27] [28] [29] [30] . The previous solution is to add counter terms to the Hamiltonian to eliminate the anomaly terms, but when we consider the infinite orders of holonomy corrections the anomaly terms disappear spontaneously. Whether there are other qualitative changes when all orders of holonomy corrections are considered still requires future investigations. Now it seems that at the effective level the order of the holonomy corrections can vary from 0 to ∞ and the definite value of n is not clear. In [19] the quantum approach is constructed in homogeneous and isotropic cosmology, which shows that the higher order holonomy corrections is related to the j ambigurity. In Bianchi I model, what is the definite meaning of higher order holonomy corrections has not been thoroughly studied and we can only speculate from the isotropic case. In addition, whether n has to approach ∞ are still questionable. The construction of the rigorous quantum theory with higher order holonomy corrections in Bianchi I model is necessary to answer these questions, which is still an open issue. As well as this, even in the isotropic case the higher order holonomy corrections is still not conclusive. The investigations about this may shed light to the issue of j ambiguity and the link between LQC and spin-foams.
